Abstract In this article we establish an interaction between non-smooth systems, geometric singular perturbation theory and synchronization phenomena. We find conditions for a non-smooth vector fields be locally synchronized. Moreover its regularization provide a singular perturbation problem with attracting critical manifold. We also state a result about the synchronization which occurs in the regularization of the fold-fold case. We restrict ourselves to the 3-dimensional systems ( = 3) and consider the case known as a T-singularity.
Introduction
The main goal of this paper is to establish an interaction between three important themes of the qualitative theory of non-smooth dynamical systems:
• synchronization phenomena, • sliding vector fields (also known as Filippov systems) and • singular perturbation. Synchronization of dynamical systems has lately been an object of interest of many researchers from many areas as electrical and mechanical engineering, biology, and physics (see for instance [5] ). The concept of synchronization used in this paper was inspired by Chow and Liu [4] . Let U ⊆ R be an open set and X : U → R be a C r vector field, with r ≥ 1, defining the dynamical systemẋ
(1)
As usual ϕ(t, x 0 ) denotes the solution of system (1) satisfying ϕ(0, x 0 ) = x 0 . We say that system (1) is M-synchronized if there exists a continuous map G :
There are many mathematical methods to study synchronization in dynamical systems.
Example 1 If p ∈ R is an asymptotically stable equilibrium point of (1), then there exists U ⊆ R such that for any q ∈ U we have that lim t→∞ ϕ(t, q) = p. Thus taking G(x) = ||x − p|| we have that (1) is M-synchronized at U with M = G −1 (0) = {p}. In particular if we have a Liapunov function V then the synchronization occurs. However, sometimes it is difficult to prove thatV < 0. Rodrigues [1] presented a general version of the invariance principle in which the derivative of the Liapunov function is not required.
Example 2 If M ⊆ R 2 is a stable or semi-stable limit cycle of X then following our approach it is possible to get a M-synchronization phenomenon. See for instance [13] . In particular the averaging method offers an algorithm to detect existence of limit cycles.
Example 3 We point out that if the smoothness conditions are dropped synchronization phenomenon can also occur. Consider the piecewise smooth vector field on the plane given by
The system is M-synchronized with M = G −1 (0) and
(See Fig. 1 ).
Now we illustrate how the singular perturbation techniques can be useful in the investigation of synchronization problems.
